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Conductivity exhibiting power-law frequency response with an exponent of unity leads to
frequency-independent dielectric loss. Such constant-loss~CL! behavior is not physically realizable
over a nonzero frequency range, and approximate expressions that have been used to represent it are
inconsistent with the Kronig–Kramers relations. Response models are proposed and investigated
that do satisfy these relations and can lead to very close approximation to CL over many frequency
decades, as often observed at low temperatures in ionic conductors such as glasses. Apparent CL
response is shown to arise from the series connection of a constant-phase complex-power-law
element~CPE!, with exponentd (0,d!1), and a frequency-independent dielectric constant,«U .
Two physically disparate situations can lead to such a series connection. The first involves bulk CPE
response in series with an electrode-related, double-layer blocking capacitance involving a dielectric
constant«S . Then, apparent CL behavior may be associated with localized ionic motion in the bulk
of the material. The second~mirror-image! situation involves CPE response associated with ionic
motion in or at an electrode in series with a capacitance such as the bulk high-frequency-limiting
total dielectric constant«` or the pure-dielectric quantity«D` . The present model is used to
simultaneously fit both the real and imaginary parts of data derived from measurements on a
sodium-trisilicate glass at 122 K. This data set exhibits power-law nearly constant loss for«8(v)
and apparent CL for«9(v). The magnitude of the CL closely satisfies a simple equation involving
only d and «U . Further, for the electrode-power-law situation, estimated values of
limiting-high-frequency dielectric constants turn out to be more consistent with bulk values
established at much higher temperatures where nearly constant loss is no longer a dominant part of
the response. Data at20.5°C are also analyzed with a more complicated composite model, one that
is a generalization of both of the above approaches, and nearly constant loss bulk, not electrode,
power-law effects in both«8(v) and«9(v) are isolated and quantified. For this data set it is shown
that electrode effects are important at both ends of the frequency range. ©2001 American Institute



























fitI. INTRODUCTION AND BACKGROUND
The field of impedance~or more generally, immittance!
spectroscopy~IS!, the measurement and analysis of the f
quency and temporal electrical response of solids and
uids, has burgeoned in the last decade. This growth has
curred both because IS data are useful for helping
understand the basic electrical processes present in the
terial considered and because IS has proved valuabl
many applied areas, such as process control and chara
ization. Although complex-nonlinear-least squares~CNLS!
fitting of IS data allows one to take proper account of bo
bulk and electrode contributions to the data, required for
curate estimation of the parameters of a fitting model, m
data continue to be analyzed using a model that repres
only bulk response associated with mobile ions.
An important and puzzling feature of much IS data f
ion-conducting glasses is the presence of apparent con
loss~CL! or nearly constant loss~NCL! effects, those where
a!Electronic mail: macd@email.unc.edu6190021-9606/2001/115(13)/6192/8/$18.00











the electrical loss is entirely or nearly frequency-indepe
dent, respectively. In recent work, Ngai1 presented a valuable
comprehensive survey of apparent CL behavior for a var
of materials and material factors, and he characterized C
a spectacular phenomenon because of its ubiquity. Altho
he stated that the physical mechanisms leading to CL w
uncertain, he suggested that for ionic conductors CL is as
ciated with ionic librational or vibrational motion. Earlie
Nowick and co-authors2,3 somewhat similarly interpreted CL
effects as arising from dielectric dispersion associated w
the local motion of ions.
There seems to be considerable current agreement
NCL in ionically conducting materials is associated with v
bration and relaxation of ions confined locally in potent
wells,1,3–6 but a related suggestion is that CL arises fro
low-energy distortions of the ionic network.7 Most impor-
tantly, however, none of these suggestions has yet resulte
a quantitative theory predicting the details of the NCL b
havior. Although a descriptive model should predict and
both parts of the full complex dielectric constant,«(v)2 © 2001 American Institute of Physics

















































































6193J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Frequency independent dielectric loss5«8(v)2i«9(v), most NCL experimental results have be
presented only in terms of«9(v), often without much or any
correct consideration of its associated Kronig–Kramers~KK !
pair, «8(v).
In 1991, Lee, Liu, and Nowick8 suggested that a
frequency-independent contribution to the dielectric loss
ionically conducting crystals and glasses was univers
present. Since then, the following composite-model exp
sion has frequently been used to describe the full respons
the real part of the complex conductivity~e.g., Ref. 3!,
s8~v!5@s01av
SB#1AvS, ~1!
where all five parameters are taken frequency indepen
and 0,SB<1. Here s(v)5@ iv«V«(v)#5s8(v)
1 is9(v); s0[s8(0); and«V is the permittivity of vacuum.
The AvS part of Eq. ~1! leads to a frequency
independent term in«9(v) when S51, thus representing
constant loss. The term in square brackets, which repres
bulk mobile-ion response, has been called universal dyna
response,3 but it is actually not all that universal and ha
been shown to be a poor choice for describing b
dispersion.9 To investigate NCL or CL response present
experimental data, it is clear that in general one should
such data with a composite fitting model that includes a b
response model and at least one other term that can repr
NCL behavior, but these contributions need not necessa
be in parallel as in Eq.~1!. Note, however, that at sufficientl
low temperatures it is often observed that a NCL term su
ciently dominates the response that no other terms nee
included in the fitting model. This matter is further examin
herein.
In 1994, no CL behavior was found10 for single-crystal
NaCl, and later analysis11 showed that the NCL expression
S512(T/T0), applied quite accurately for the low
temperature region of CaTiO3•30%Al
31 data down to at
least S.0.94, in accordance with theoretical predictions12
Perhaps these results led some workers in the field to ref
subsequent work to NCL rather than to CL.3,13 We further
investigate this distinction herein. In a recent important c
tribution, which deals primarily with the transition from NC
to ordinary bulk response,6 Leon and co-authors point ou
that their results preclude the applicability of the sum-
responses model represented by Eq.~1! The present results
quantify this conclusion while raising important questio
about the contribution of ions to NCL.
By using the approximate expression14
«9~v!.2~vp/2!@d«8~v!/dv#, ~2!
Ngai1 obtained a formula for the corresponding«8(v)
when«9(v) was taken frequency independent. He th
employed his results to eliminate apparent CL effects fr
Na2O•3SiO2 glass data at20.5 °C, but this approach i
incomplete and does not lead to valid estimates of all bu
model parameters.9 In this work, Ngai used the well-
known original modulus formalism15 ~OMF! to represent
conductive-system bulk response, but it makes no distinc




















constant arising from all sources, and«C1` , that part of«`
arising solely from mobile charge effects. An alternate ana
sis of this data set is presented in Sec. III B.
As shown elsewhere,9,16–18 one needs to correct th
OMF approach by defining its high-frequency-limiting d
electric response as«C1` and separately including in a ful
fitting model the important quantity«D` , the high-
frequency-limiting dielectric constant arising from dipol
and vibratory motions of the nonionic bulk constituents
the material with or without mobile ions present. It follow
that «`[«C1`1«D` . The resulting corrected modulus fo
malism ~CMF!, like the OMF, involves a Kohlrausch–
Williams–Watts, KWW1, frequency-response model asso
ated with mobile charge and derived from stretche
exponential temporal response.9,16,17,19 This model,
designated by K1, will be used herein. It involves a sha
parameterb1 .
Although it is desirable that present analysis metho
be applied to some of the same low-temperat
Na2O•3SiO2-glass numerical data sets analyzed in Ref.
this has proved to be impossible. Professor Nowick has
formed me that these wide-temperature-range data sets
not be found. On the other hand, the T520.5 °C,
Na2O•3SiO2 set used in the CL discussion and analysis
Ref. 1 has been kindly sent to me by Professor C. T. Moy
han and will be analyzed in Sec. III B.
In the absence of direct numerical data for the lo
temperature region where NCL effects are most domina
the Na2O•3SiO2 graphical results for«(v) at 122 K pre-
s nted in Fig. 8 of Ref. 3 will be employed. The«8(v) curve
is very closely of power-law character, and its values w
accurately scaled from the graph. The corresponding«9(v)
response is very close to CL over an appreciable freque
range. For this«(v) data set, like other similar low-
temperature ones,3 bulk-dispersion loss arising from an
long-range motion of the ions generally falls well below th
associated with other processes, as discussed below.
though one cannot directly fit and estimate the parameter
such a bulk dispersion model at low temperatures such
122 K, extrapolation from higher temperatures, where go
estimates of such parameters are available from
fitting,9,17 allows semi-quantitative evaluation of the cont
bution of ionic motion to the response at these temperatu
The qualifier ‘‘apparent’’ has been used above in discu
ing possible CL behavior. As shown below, it seems unlik
that ideal nonzero CL response is possible over a finite
quency range. Nevertheless, such a close approximatio
CL may occur experimentally that it cannot be distinguish
from true CL because of the presence of unavoidable d
errors. I shall therefore use CL herein to indicate such ap
ent constant loss.
In the following sections, two different types of NC
and CL response functions will be defined and compa
with other approaches that have been used in the pas
represent such behavior. Accurate data fitting using
LEVM complex-nonlinear-least-squares computer program20
will be shown to allow discrimination between the vario
choices. Finally, some higher-temperature results, where b
























































6194 J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 J. Ross Macdonaldbe explicitly included in the fitting model, will be analyze
using the physically realistic NCL response functions cons
ered here.
II. NEARLY-CONSTANT-LOSS FITTING MODELS
A. Parallel nearly-constant-loss model
The first fitting element to be considered is a consta
phase-element~CPE! expression21,22 defined at the complex





where c[(gPCp/2). This CPE power-law response fun
tion, whose parts satisfy the KK relations, will be designa
as PCPE or P and will taken as a bulk rather than electr
response. Note that whenucu!1, thev dependence in Eq
~3! is very small,APC is very close to being an ideal dielec
tric constant, and«PC9 (v) is a NCL term. It is readily shown
that the approximate Eq.~2! expression holds well for the
real and imaginary parts of«PC(v) when gPC
2 !1 andgPC
Þ0. The subscript ‘‘PC’’ is used here to indicate that t
NCL response is in parallel electrically with any oth
conductive-system bulk response, conventionally define
the complex resistivity level. In practice, real data alwa
includes contributions from«D` , so the effects of this non
ionic dielectric constant must be properly accounted for
fitting experimental data, as discussed and illustrated in
tail in Sec. III.
Equation~3! leads to constant loss whengPC50, but the
loss is then of zero magnitude. The conditiongPC,0 yields
a negative loss, orgain, and contributes a correspondin
negative increment tos8(v). Such response is at the lea
unlikely and is physically impossible for a passive line
system. These considerations indicate that when fits inc
the PCPE, valid estimated values ofgPC should always be
positive or zero. ThegPC50 condition is equivalent to the
addition to the model of a pure capacitance, such as
represented in the present work by«x .
Note that if a nonzero constant loss,B0 , were possible
for a finite frequency range, Eq.~2! would then lead to the
expression
«CL~v!52~2/p!B0 ln~v/v0!2 iB0 , ~4!
where«CL8 (v) is positive and decreasing with increasingv
so long asv0.v. Clearly «CL8 (v) increases indefinitely a
v→0. Although Eq. ~4! was not explicitly presented b
Ngai,1 it was evidently used in his work, and Eq.~2! was also
employed in the earlier NCL analysis of Ref. 3. It is therefo
worthwhile to compare the differences between the fitt
appropriateness of the«PC8 (v) of Eq. ~3! and the«CL8 (v) of
Eq. ~4!.
Accurate scaling of the 122 K Na2O•3SiO2 «8(v) data
presented in Fig. 8 of Ref. 3 and least-squares fitting of
resulting estimated values by the«PC8 (v) part of the power-
law model of Eq.~3! led to PCPE parameter estimates
APC58.885 andgPC50.00320. From these values, one c
use Eq. ~3! to calculate the full«8(v) and «9(v) data















shown in Fig. 1 by the two straight lines with solid-circ
data points designated by NCL: CPE. Forty-seven po
were used to cover the range of about 2.3 decades show
Ref. 3.
Also shown in Fig. 1 is the fit of the«PC8 (v) curve by
Eq. ~4!, that designated as NCL: Ln fit. The fit appears p
fect on the present scale but actually involved a value of
relative standard deviation of the fit, SF , of about 10
25. Pa-
rameter estimates for this fit were aboutB050.0435 and
ln(v0 /vn)5320.9. Herevn is just 1 r/s, a normalization
parameter. Although the«PC8 (v)-model parameter estimate
were slightly different and SF was about 5x10
25 for data
extending from 1 to 105 r/s, the present results indicate th
for such a small value ofgPC as that found here there is n
possibility of discriminating between the forms of the tw
«8(v) curves using experimental data. Nevertheless, s
agreement does not prove the correctness of Eqs.~2! and~4!
or their appropriateness for CL situations when better al
natives are available.
The «CL9 (v)5B0 real-part fit result is shown as the to
dashed line in the figure. The estimated value ofv0 for the fit
is about 2x10139 r/s, an exceptionally nonphysical value.
Sec. III A somewhat different results will be presented f
full CNLS fitting of the present data using the Eq. 4 mod
both without and with the addition of the effects of a paral
dielectric constant,«x , which can be taken as«` . Note that
the present value of about 0.0435 differs somewhat from
value of 0.042 found in Ref. 3 and shown as the bott
dashed line in the figure. It is worth mentioning, howev
that although the actual«9(v) data points included in Fig. 8
of Ref. 3 do not lie entirely on the«9(v)5B050.042 line,
they certainly do not show consistent NCL power-law beh
ior and are characterized as being in excellent agreem
with this constant value.3 Therefore, we shall consider tha
the 122 K data are well represented by the combination
the NCL«PC8 (v) data and the«9(v)50.042 CL result, just
as in Ref. 3. The resulting synthetic data set will be us
below to evaluate the possibility of accurately fitting both
real and imaginary parts with composite models that are c
sistent with the KK relations.
FIG. 1. The two lines designated NCL: CPE are exact«8(v) and «9(v)
results derived from fitting the«8(v) data of Ref. 3, whose CL«9(v)
5B050.042 estimate is shown as the bottom dashed horizontal line.
«8(v) NCL: Ln points are the results of fitting the«8(v) NCL: CPE data
with Eq. ~4! of the text. Such fitting led to theB0.0.0435 value shown as



















































6195J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Frequency independent dielectric lossB. Surprising series effects
In order to represent possible electrode electrical effe
we shall consider the simplest model, a CPE defined at




where 0,gSC<1 andASC is an ideal dielectric constant,«S ,
whengSC51. Note that when used alone, this equation le
to a result fully equivalent to that of the PCPE of Eq.~3!
when expressed at the complex conductivity or complex
electric constant level. But the crucial point here is that
response defined by Eq.~5! is never alone but always in
series with other response contributions; this makes a g
difference as we shall see.
Although no CPE response can apply over the full f
quency range, this is experimentally immaterial beca
other physically realizable processes will dominate the
response of the material at sufficiently high or low freque
cies. We shall denote the combination of a K1 respo
model and the SCPE by K1S. Physically, series CPE
sponse may arise from fractal effects in the electrodes, f
nonideal diffusion, or from other causes.21 When nonparent-
ion electrodes are employed, the usual case in the pre
area, one would expect to observe blocking or nearly blo
ing behavior at sufficiently low frequencies. A SCPE is th
a plausible choice since it leads to full blocking whengSC
51.
Consider the combination of a PCPE and a SCPE
series, where we identify the PCPE as associated with b
response. In forming composite model designations, we s
always list bulk elements first and series ones to the rig
Thus, the above composite model will be designated by
When the SCPE reduces to a pure frequency-indepen
capacitance, denote the result by PC; similarly whengPC
50, the result is termed the CS model. Note that electric
these composite models are fully equivalent, but they ne
theless differ in their physical interpretation. This distincti
becomes particularly important in the usual case where
bulk response involves more than just the PCPE; for
ample, it might be include both the PCPE and the K1
parallel, the PK1.
The CS model, with«x5«` , provides a simple illustra-
tion of some surprising effects. In practice, if the K1 mod
is found to best describe ionic dispersion at higher temp
tures than those where NCL is dominant, we should exp
its «C1` contribution to«` to be still present in the NCL
region, and«x should then be identified as«D` for a CK1S
model. A straightforward calculation, included below, sho
that the CS series combination leads to terms ins8(v)
which exhibit power-law exponents~also termed log–log
slopes or just slopes! of (22gSC),1, andgSC. Because of the
formal equivalence of the CS and PC models, for the PC
equivalent slopes become (11gPC), 1, and (12gPC). Thus,
behavior with (2 gSC) may appear in the lower frequenc
range and is then followed, without an appreciable freque
range with a slope of unity, by response involving an exp
nent value ofgSC. Now setd512gSC or gPC; then one

































2d) in a higher frequency region. For smalld, such response
will not be experimentally distinguishable from a slope
unity, which, of course, leads to constant loss at the«9(v)
level. Such apparent CL model response is, of course, c
sistent with the KK relations, unlike that associated with E
~2! and ~4!.
It is straightforward to show that the CS model involvin









If we now restrict consideration to NCL situations where t
«9 residuals involve a symmetrical convex curve such as
discussed later in Fig. 2, then we can pick frequenc
v1 ,vm , andv2 below the maximum, at the maximum, an
above it, respectively. Selectv1 andv2 so that«CS9 (v) is the
same at these two frequencies. Thenv1v2.vm
2 and one
finds that the equality condition leads to (ASC/«`).vm
d .







Now for d!1, on using theASC/«`.vm








For smalld, the v terms in the denominator will be quit
close to unity over the entire range, so on approximat
them as unity, we finally obtain the approximate result
«CS9 ~v!.B05«`~dp/8!, ~9!
which shows that the approximate CL,B0 , depends directly
on both«` andd. This expression and that forASC/«` hold
quite accurately whend<0.01. Finally, note that because o
the formal equivalence of the CS and PC models, Eq.~9!
also applies for the latter model when«` is replaced by«S ,
FIG. 2. Residuals5 ~data values2 fit estimates! for the line 5 and line 6
CSC-K1 composite-model fits of Table I. Herer 8 andr 9 designate real and
imaginary part residuals, and the line 6 residuals are shown at 10 and





6196 J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 J. Ross MacdonaldTABLE I. Table I. Results of CNLS fitting of synthetic NCL«(v) data. HereSFR andSFI are the relative standard deviations of the individual«8 and«9 fit
residuals, respectively. Line 1 shows the series SCPE and the parallel PCPE parameters for the exact«8(v) input data. A constant value of«9(v)50.042 was
used for all fitting results shown except the three that include an X after their row numbers. For these, a value of 0.0435 was employed. The B d
of row 5B indicates that the fitted data involved a wider frequency range than that used for the other fits. The number of free fitting parameters i
is denoted bynp . Composite model designations involve one or more bulk element names at the left, all in parallel electrically, and a final electrod
series element designation, S, at the right. Here S indicates the SCPE; P the PCPE; an initial C, as in CS, specifies that the composite fitting modves
a frequency-independent bulk dielectric constant«x ; a final C, as in PK1C, indicates that the fitting model includes a dielectric constant«s , in series with all
bulk elements; and K1 denotes the KWW1 model used in modulus-formalism fitting. Thus, CK1S denotes a K1 model in parallel with«x and the result in
series with a SCPE. All K1 parameters were fixed during the present fittings.
No. Model, np 10
4SFR 10
4SFI 10
3(12gSC) ASC or «s 10
3gPC APC or «x «C1` «`
1 CPE, 0 – – 3.20 8.885 3.20 8.885 – –
2 CPE, 2 1.75 49.3 3.09 8.877 3.09 8.877 – –
3 PK1, 2 2259 1053 – – 66 0.688 10.17 10.17
4 K1S, 2 35.1 226 20.4 67.24 – – 10.17 10.17
5 CS, 3 1.75 0.22 6.18 18.22 0 17.30 – 17.30
5X CS, 3 0.12 0.23 6.40 18.25 0 17.30 – 17.30
5B CS, 3 4.61 0.96 6.13 18.07 0 17.45 – 17.45
6 CK1S, 3 1.76 0.17 6.19 18.26 0 7.10 10.17 17.27
6X CK1S, 3 0.12 0.19 6.42 18.29 0 7.10 10.17 17.27
7 PK1C, 3 1.75 1.58 0 11.83 16.8 25.3 10.17 –




















































Asthe electrode blocking dielectric constant, one that may u
ally be associated with a double- layer capacitance. Su
capacitance21 is proportional toT21/2.
III. COMPOSITE-MODEL FITTING RESULTS
A. Dominant NCL-CL situations
Now consider the results of using composite models
fit the NCL and CL synthetic data derived from the 122
Na2O•3SiO2 data in Ref. 3, discussed above. We shall be
by fitting using the Eq.~4! model with a dielectric constant
«x , in parallel with it. All of these CNLS fits yielded a vir
tually exactB0 estimate of 0.0420 andSF values of about
1024. Let C0[ ln(v0 /vn), wherevn51r/s. For«x50, the
results were similar to that already mentioned for real-p
fitting and yieldedC0.332. No adequate fitting was possib
when B0 , C0 , and«x were all free. With«x57.1 or 17.3,
however, C0.66 or 232, respectively. Different result
were found when a blocking dielectric constant,«S , was
included in serieswith the Eq. ~4! model. With a slightly
larger value ofSF , the following estimates were found fo
B0 , C0 , and«S : 0.0437, 326, and 443, respectively, with th
«S value poorly determined. These results, particularly
C0 estimates, indicate that the Eq.~4! model is inadequate.
Next, we shall consider physically realizable compos
models possibly involving PCPE, SCPE, and K1 eleme
The parameters of the K1 model were extrapolated to 12
from those found at temperatures of 303 K and above us
a relaxation-time activation energy of 0.7 eV.3,17 Although
such a long extrapolation is sure to be very approximate
turns out that its resulting«9(v) response at the lowest fre
quency present is more than one hundred times smaller
the «9(v)50.042 value, and since it decreases with ab1
slope value of 0.34, it is relatively even smaller at high
frequencies. Therefore, only the«C1` associated with the
model will have any appreciable effect. At T5303 K, a good
fit of the data using the CK1S model led to an«C1` estimate













K1 parameters extrapolated to T5122 K was 10.17. Since
there is good evidence that«C1` is proportional to 1/T ifb1
is temperature independent,18 one should then expect a valu
of about 8.5 at 122 K, somewhat smaller than 10.17. T
difference is discussed below. In the fits involving K1, a
three of its parameters were held constant.
The NCL parameter values defining the exact CPE
sponse presented in Fig. 1 are listed in line 1 of Table I
comparison. We see that in line 2, as expected, simultane
CNLS fitting of the NCL real-part data and the C
imaginary-part data leads to the same results for both SC
and PCPE. Comparison with the line 1 results indicates
the parameter estimates are reasonable, but it is evident
the imaginary-part of the fit is far worse than the real-p
one. This is because we are here fitting a power-law N
model to CL response.
Rows 3 and 4 show the results of fitting with a PCPE
parallel with K1 and with K1 in series with an SCPE el
ment. Since K1 response here is essentially only that
«C1`510.17, these results are equivalent to those wh
would be obtained with CP and CS models with a fixed va
of epsilon of 10.17. Note that the fitting accuracy of rows
and 4 is very poor, but that for row 3 is much worse than t
of row 4. In fact, fits of the CP model with«x free to vary led
to its approach to zero, the line 2 result.
The results of line 5 fitting with the CS model, a SCP
in series with a dielectric constant, show that the imagin
part fit is now more than 200 times better than those invo
ing only a CPE, although the SCPE parameter estimates
appreciably different from those in line 1. It is therefore cle
that the two slopes present with this combination, as d
cussed in the last section, can indeed allow exception
close fitting of actual CL response.
The proper interpretation of experimental data similar
that considered here is that, while true CL response is n
physical, a model which involves a CPE in series with oth
response elements can lead to an apparent CL resp















































































6197J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Frequency independent dielectric lossalready mentioned, since the CS and PC models are ele
cally equivalent, it is unnecessary to show PC results
Table I. But this equivalence means that fitting results
NCL-CL response with a CPE and capacitance in series
be interpreted as involving NCL bulk response in series w
a blocking electrode, as in the PC model, or as that of a b
capacitance, say«` , in series with NCL electrode effects.
is probable that the first choice is the appropriate one
most situations.
As a test of the stability and consistency of row 5 fittin
results, line 5B presents the results of a CS fit using d
exactly like those of lines 1 and 5 except extending over
much larger range from 1 to 105 r/s. Although the relative
standard deviations of the residuals are larger, the fit is
excellent and the parameter estimates are comparable.
ther, comparison of the line 5 and line 5X results show t
the real part fit is much superior for the latter, the situat
whereB0 is the average of the power-law«9(v) CPE data of
row 1.
Rows 6 and 6X show results when the composite fitt
model involves a SCPE in series with the parallel combi
tion of the bulk «x and a conductive-system K1 bulk
response. As expected, they are nearly identical to thos
rows 5 and 5X. But note that the CK1 combination cor
sponds to the CMF situation, one that has been shown t
much data better and more consistently than the K1 O
approach,9,16,17here represented by the K1S results of row
The CK1S model is included here because, unlike the K
CS, or PC models it leads to a separate estimate of«x
5«D` . Such models as CS or PC yield only an estimate
«x equal to«`5«C1`1«D1` .
Notice that comparison of the line 4 and line 6 resu
indicates that the K1S composite model yields a much po
fit than does the CK1S. This is clearly because an«` value
of about 17.30 is needed, appreciably larger than the«C1`
value provided by the K1S model. This conclusion is verifi
by first changing the characteristic relaxation time of the
model by a small factor so that«C1`.17.3 and then repeat
ing the K1S fit. One finds almost exactly the same results
those of line 5 except that 104SFI changes to 0.32, still an
excellent fit.
The results of lines 6 and 6X show that the expec
value of «` is found when the free fitting parameter«x is
added to the composite model. This quantity should th
estimate«D` , and we see that its value of 7.10 is on
slightly larger than the 303 K estimate of about 6.8. But n
that if instead of the constant valueb150.34 used in the K1
extrapolation one uses a value of 0.36, it turns out that«C1`
is then about 8.34 and the«x5«D` estimate becomes 8.95
with the other parameters remaining nearly the same as t
of line 5. The«C1` value is much closer to its expected val
of 8.5 and the increased value of«D` is still not unreason-
able. These results show that the same fitting model ma
consistently used for both 303 K and 122 K and that
present low-temperature estimates of«C1` and«D` are plau-
sible and self-consistent.
Comparison of the line 5 and line 6 results shows t
the only significant change on fitting with«9(v)50.042 or































not surprising since Fig. 1 indicates that 0.0435 is the b
constant approximation to the«PC9 (v) NCL response shown
in the figure. Figure 2 shows some line 5 and line 6 fitti
residuals. It is clear that the change fromB050.0420 toB0
50.0435 not only reduces the«8(v) residuals greatly, but
changes their general character as well. The very sm
«9(v) residuals, essentially the same for bothB0 choices,
show both how close the fit is to CL behavior and, as w
demonstrate that while it could not be distinguished fro
exact CL response, it is nevertheless not CL.
Lines 7 and 7X in the table present PK1C fitting resul
ones that show appreciable differences from the correspo
ing row 6 and 6X CK1S results. In particular, we see that
imaginary-part fit quality factor, 104SFI , is about ten times
larger for the PK1C results. Further, the NCL exponentgPC
is nearly three times larger than the (12gSC) factor, so
PK1C yields a poorer approximation to true CL than does
CK1S model. It follows thatAPC is not very close to a pure
dielectric constant quantity and thus cannot be identified a
reasonable approximation to«D` , precluding estimation of
«` .
Although the CK1S is clearly superior to the PK1C f
the present semi-synthetic data, different results may
found in fitting some actual low-temperature data show
NCL-CL behavior. Therefore, it would be appropriate to i
vestigate the utility of both models in such situations. F
nally, it is worth mentioning that for the present data, fi
with the PS and PK1S models, which involve four free p
rameters, result in so large uncertainties in the values of
or two of the parameters that the fits must be rejected.
PK1S model is a generalization of the CK1S one since
reduces to the latter whengPC→0. Thus, for sufficiently
small gPC values, both models are of CMF character, w
APC thus approximating the«x5«D` of the CK1S model.
B. Higher-temperature NCL contributions
The 20.5°C, Na2O•3SiO2 data previously analyzed in
terms of a CL by Ngai1 will be fitted here by a different
approach in order to further investigate the presence of N
or CL behavior in the data. Now define the electric modu
M (v)[ iv«Vr(v)51/«(v). Figure 3 shows theM 9(y)
data for this set and also the results of a K1 OMF fit to
Here unity weighting20 ~UWT! was used to emphasize th
largest values in the data at the expense of the smaller o
Note that when the K1S model was used, again with un
weighting, an estimate ofb150.47 was found, in agreemen
with that found by Ngai, possibly by using a table of th
width of the curve at half height,15 and also equal to tha
cited earlier in Ref. 23 by Moynihan. Ngai fittedM 9 data
without including the effect of the original high-frequenc
M 9 points and calculated the correspondings8(y) curve. He
then showed that the difference between this result and
original s8(y) data led to points which fell closely on a lin
involving y1.0 behavior, an indication of pure CL behavior
Here the data have been fitted by both the PK1S
CK1S models with the usual proportional weight~PWT!
choice and seven and six free parameters, respectively.

























































6198 J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 J. Ross Macdonaldent materials with these two models often yield closely co
parable fits, hereSF was about 0.018 for the PK1S and abo
0.031 for the CK1S, an immediate indication of the prese
of NCL behavior associated with the PCPE. Further,
PK1S fit results in the figure show that it is important
include electrode effects modeled by the SCPE. Here its
timated parameter values were closely the same for both
Note that since (2 gSC) was about 1.3, it is evident tha
here the SCPE must represent electrode effects rather
NCL behavior. In fact, the slope of the fulls8(y) data was
found to increase continuously with frequency up to a ma
mum slightly larger than unity with no evidence of either
approach to saturation or a decrease, thus almost cert
electrode dominated at the high frequency end.
Figure 3 also shows K1-only curves calculated from
PK1S and CK1S fits. We see that they are close to each o
and both involveb1 values of about 0.33, far different from
the OMF value of about 0.47. Since a value of about 0.3
also found for direct fitting of the fulls8(y) data, where
«x5«D` plays no significant role, it is evident that the a
sence of such a term in OMF fitting approach
yields9,16–18,23incorrect estimates ofb1 .
Figure 4 presents«(y) results for the present data se
results somewhat comparable to those of Ngai.1 Here, how-
ever, we distinguish between Ngai’s CL, which made use
the inappropriate Eq.~2!, and the present NCL behavior in
volving as8(y) slope of (0.99360.0005) instead of 1.0. The
contributions of the bulk PCPE term of the PK1S model
shown separately on the figure as well as the K1S respo
without NCL effects. Estimates of«D` and«` are about 5.9
and 8.4, respectively. Both values are physically and stat
cally significant and cannot be separately estimated by OM
type analysis. The rapid rise in«8(y) at the lowest frequen
cies is associated with SCPE electrode effects. It is t
evident that for the present data, and for most similar d
electrode effects play a significant role both at both the l
FIG. 3. Log–log plots ofM 9(y) data and fits vs frequencyy. For clarity,



















and high frequency ends of the range and clearly should
be neglected in data fitting and analysis.
IV. DISCUSSION
For the first time, it has been possible to find physica
realistic models that lead to excellent fits and to signific
parameter estimates for complex data of the present NCL
type. In the past, NCL fitting models have mostly been
stricted to such forms as theAvS term in Eq.~1! and have
thus not been concerned with its imaginary part K
pair.1,3,7,8 Even those approaches which use the present
~2! to take some account of both real and imaginary parts
data1,3 do not employ CNLS fitting of both parts simulta
neously. The use of a CPE in series with bulk response
been shown here to provide both excellent CNLS fits a
significant parameter estimates.
The estimated«` values, as presented in lines 5, 5X, 5
6, and 6X of Table I, are particularly noteworthy becau
they are consistent with values found at higher temperatu
where NCL effects are dominated by other responses w
the higher-temperature values are extrapolated to 122 K.
such consistent estimates have been presented earlier. E
tions ~6!–~8!, and especially the well-fitting Eq.~9!, show
that the apparent CL quantityB0 may be directly related, for
CS or PC model fitting, to the product of«x and d, or «S
andd.
Although Ngai has pointed out that NCL behavior m
appear in pure structures containing no ions and f
impurities,1,24 providing a possible reason for the identific
tion of the present NCL-CL behavior with bulk dielectr
dispersion, such a conclusion seems inconsistent with
present CS model, but not necessarily with the PC one wh
NCL-CL is a bulk rather than an electrode phenomenon
contrast, although the CS model leads to excellent CN
data fits and plausible parameter estimates, it seems to
quire that the SCPE be associated with processes at
material-electrode interface and even within the electro





































6199J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Frequency independent dielectric lossNgai1 has discussed in detail the dependence ofB0 ~often
calledD«9! on various effects related to localized ions in t
material but has concluded24 that the physical origin of the
constant loss is still not clear. If it were indeed associa
with motion of ions across the interface, one might expec
to exhibit an activation energy comparable to that of the
conductivity, but generallyB0 exhibits a much weaker de
pendence and seems to increase with increasing temper
with power-law or non-Arrhenius exponential behavior.1,6
The present NCL-CL fitting results, involving data for
single temperature, do not provide information on the te
perature dependence ofB0 , but they nevertheless sugge
through Eq.~9! that it should be correlated with the produ
of a power-law exponent and«` , another quantity which
shows only weak dependence on temperature, or poss
even with the double-layer blocking quantity«S which is
proportional toT21/2. Since the CS and PC models appe
not to lead toB0 temperature dependence closely compara
to experimental results, it seems likely that most lo
temperature data are of NCL-NCL rather than NCL-CL ch
acter. Then, for example, the PK1S model will be more
propriate. Accurate fitting of such data is needed to reso
the matter.
For the K1 CMF response model, at sufficiently hig
frequencies conductive-system ionic response leads
«C18 (v)→«C1` , where«C1` is most likely associated with
short-range librational and vibrational motion of ions. B
since the associated«C19 (v) quantity in the range where
«C1` is essentially frequency independent does not exh
NCL power-law response, as discussed above, it seems
likely that such intensive bulk behavior should be identifi
with NCL response of either of the above types. If so,
seems more plausible that any data well fitted by the
model indeed involves ionic motion across the mater
electrode interface, perhaps potentiated by stress in this
gion.
Finally, both the CS and PC models can lead to real-p






















parent in the high frequency region. Discussion of such
servations, especially at very high frequencies, appears in
present Ref. 25 and a PK1S fitting example is discusse
the last section.
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